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This paper considers the effects of conductor geometry on the performance of small solenoidal coils for
high-field NMR. First, a simple analytical model is presented for investigating the effects of conductor
geometry on the current distribution in such coils. The model was used to derive optimum parameters
for coils constructed from wire with either rectangular or circular cross-sections as a function of the
length-to-diameter ratio. Second, a commercial software package utilizing full three-dimensional finite-
element solutions to Maxwell’s equations was used to confirm the basic findings of the simple analytical
model, and also to compare simulated S/N estimations with experimental NMR spectra acquired with
2.5 mm and 1.0 mm-diameter solenoid coils: reasonable agreement was found. Third, as a demonstration
of the usefulness of such coils for mass-limited samples, multidimensional experiments were performed
at 750 MHz on ∼4.7 nmol (41 µg) of PF1061, a protein from Pyrococcus furiosus. Copyright  2006 John
Wiley & Sons, Ltd.
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INTRODUCTION

The availability of high-field superconducting magnets, with
corresponding Larmor frequencies approaching 1 GHz, has
significantly enhanced the power of solution- and solid-
state NMR to solve new problems in chemistry and biol-
ogy. Considerable efforts and resources have also been
devoted to the development of new NMR probe technol-
ogy, which aims to reduce the required sample quantities
or data acquisition time by optimizing the signal-to-noise
(S/N). Particularly important in this regard have been
recent developments in ‘cryoprobe’ technology.1 – 10 Another
active area of recent research has been the improve-
ments in NMR mass sensitivity via miniaturization of the
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radio-frequency (r.f.) coil,11 – 19 which has shown several
advantages over conventional large coils for applications
with small amounts of sample such as high-throughput
screening, natural product chemistry, mass-limited sam-
ples in structural biology, and combinatorial or small-scale
chemical synthesis. Small r.f. coils have also opened up
the area of multiple-coil or multiple-sample NMR for
higher throughput20 – 25 or specialized applications in sol-
vent suppression,26 rapid data acquisition,27 monitoring of
reaction kinetics28 or optimizing NMR detected capillary
separations.29 The intrinsic high sensitivity of the smaller
coils can also be used to excite very large frequency band-
widths, allowing certain demanding pulse sequences to be
run more efficiently.16

Previous quantitative studies on the geometry of small
solenoid coils have focused on the optimization of the
coil dimensions and winding parameters.30 – 32 However,
the conductor geometry, which directly affects the coil
loss, has not yet drawn much attention. This paper con-
siders the effects of the choice between the two most
commonly used wire geometries, round or rectangular,
on the performance of small solenoidal coils for high-
field NMR. First, a simple analytical model for current
distribution in such coils is presented. The model was
used to derive the optimum length-to-diameter ratio for
coils constructed from wire with either rectangular or
circular cross-sections. Second, a commercial full wave
three-dimensional electromagnetic solver was used to check
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the validity of the simple analytical model, and also to
compare simulated S/N estimations with experimental
NMR spectra acquired with 2.5 mm and 1.0 mm-diameter
solenoid coils. Third, using a 2 mm-long, 1 mm-diameter
rectangular-wire solenoid, as a demonstration of the use-
fulness of such coils for mass-limited samples, multidimen-
sional experiments were performed at 750 MHz on only
¾4.7 nmol (41 µg) of PF1061, a protein from Pyrococcus
furiosus.

Simple analytical approach
The development of a closed-form expression of the S/N
in NMR spectroscopy following a �/2 excitation pulse has
been discussed in many previous studies.33 In small volume
NMR, using solenoid coils of below ¾2 mm in diameter, coil
noise dominates that from the sample and the S/N of a point
sample at the center of the coil can be expressed as:33

S/N / B1/i√
Rcoil

�1�

In order to study the effects of wire geometry at a particular
frequency, this expression can be written as:

S/N / B1√
i2Rcoil

D B1√
Ploss

�2�

where Ploss is the power loss in the coil. Since Ploss depends
on the current distribution in the wire, it is reasonable
to expect that the choice of round or rectangular wire
may have a significant effect on S/N. Although Ploss

can be calculated by means of full three-dimensional
solutions to Maxwell’s equations with complicated and
expensive commercial packages, this method is not available
to all research groups. Therefore, we first develop a
very simple analytical model to provide a first-order
approximation of the effects of conductor geometry and
coil size.

Schematics of solenoid coils with round and rectangular
wire are shown in Fig. 1(a) and (b). Wire dimensions,
including the diameter of the round wire and the thickness
and width of the rectangular wire, are at least 20 times the
skin depth of copper at frequencies higher than 600 MHz.
Therefore, it is reasonable to consider currents in the coil as
surface currents. For perfect conductors of finite dimension,
the magnetic fields normal to the surface vanish. This gives
the boundary condition:34

EB Ð En D 0 �3�

In general, the current distribution on the cross-sectional
area of the wire varies along the wire from the center to
the two ends of the coil owing to finite coil length and
associated wave phenomena,35,36 and there is no general
analytical solution. To develop an analytical solution, we
make two simplifying approximations. The first is that the
current distribution in each turn is the same as in every other
turn. We neglect the difference in the current distribution
expected between turns at the end of the coil and in the
center of the coil. This clearly becomes more accurate for
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Figure 1. Schematic of solenoid coils wound with (a) round and
(b) rectangular wire. The two inset figures are the expanded
cross-sections of the conductor. The origin of the Cartesian
coordinate system is at the center of the long axis of the coil.
Parameters: a, coil radius; p, pitch; r, radius of round wire; b,
width of rectangular wire; n, number of turns. As discussed in
the text, since the current flows only on the inner surface of the
rectangular conductor, the value of j depends only on z.

a larger number of turns and/or length-to-diameter ratio.
The second approximation is that wave phenomena are
negligible because the coil is well balanced and the conductor
length for these small solenoids is much less than one
wavelength.

The coordinate system used is shown in Fig. 1, and the
two inset figures show the expanded cross-sectional areas
of the wires at the centers of the two coils. The small pitch
angle is neglected and thus there is no current component
in the x-z plane. The surface current densities are written as
j��� and j�z� for round and rectangular wire, respectively. It
should be noted that the small thickness of the rectangular
wires is neglected and only the currents on lateral surfaces
are considered, as in previous studies.34,37 Given this well-
defined localization of the current, the analysis can then
be treated as an electrostatic problem with a boundary
condition given by Eqn (3) and the field on the surface
of the center conductor can be evaluated by the Biot-Savart
law:

��!
B� ER0� D �0

4�

∫ ∫
j�s�ds dEl ð � ER0 � ER�

j ER0 � ERj3
�4�

where s corresponds to either � or z, depending on the
conductor geometry (Fig. 1), j�s� is the current density, j�s�ds
is a line current, El is the solenoid curve that each line current
follows on the conductor surface, ER is a space vector with
three components equal to the coordinates of the point at
which the solenoid curve El intersects the cross section of
the center conductor, and ER0 is a space vector with three
components equal to the coordinates of a point on the surface
of the center conductor in a coil. Substitution of Eqn (4) into
Eqn (3) yields

∫ ∫
j�s�ds dEl ð � ER0 � ER� ž n�ER0�

j� ER0 � ER�j3
D 0 �5�

In three-dimensional space, the solenoid curve El can be
represented by a set of standard parametric equations with
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an angular parameter ϕ in the x-y plane. For round wire, the
terms in Eqn (5) are

j�s�ds D j���d�

dEl D
[

� �a C r�1 C cos ��� sin ϕ,

�a C r�1 C cos ��� cos ϕ,
p

2�

]
dϕ

ER0 D [a C r�1 C cos �0�, 0, r sin �0]

ER D
[
�a C r�1 C cos ��� cos ϕ,

�a C r�1 C cos ��� sin ϕ,
p

2�
ϕ C r sin �

]

��!
n� ER0� D [cos �0, 0, sin �0]

� 2 [0, 2��, �0 2 [0, 2��, ϕ 2 [�n�, n�] �6�

For rectangular wire the corresponding parameters are

j�s�ds D j�z�dz

dEl D
[
�a sin ϕ, a cos ϕ,

p
2�

]
dϕ

ER0 D [a, 0, z0]

ER D
[
a cos ϕ, a sin ϕ,

p
2�

ϕ C z
]

��!
n� ER0� D [�1, 0, 0]

z 2 [�b/2, b/2], z0 2 [�b/2, b/2], ϕ 2 [�n�, n�] �7�

Assuming that unit current is fed into the solenoid coil, then,
∫ 2�

0
j���d� D 1 �8�

and ∫ b/2

�b/2
j�z�dz D 1 �9�

Equations (5), (6) and (8) form a group of integral equations
for solenoid coils constructed using round wire, and Eqns (5),
(7) and (9) for coils using rectangular wire. The solutions to
these equations give the current distributions on the surfaces
of the two different conductors at the centers of the solenoid
coils. The power loss in the coil has a strong dependence on
the current distribution and can be written as38

Ploss D Kround

∫ 2�

0
j2���d� �10�

for round wire, and

Ploss D Krectangular

∫ b/2

�b/2
j2�z�dz �11�

for rectangular wire, where Kround (Ohms) and Krectangular

(Ohm-meters) are factors that account for all effects not
related to the current distribution. A derivation of the values
of Kround and Krectangular is given in the Appendix. The relative
S/N can be expressed, as in a previous study,34 in terms of a
parameter q, given by

S/N / p
q D B1�0�√

Ploss

�12�

The software package Mathematica (Wolfram Research,
Inc., Champaign, IL) was used to carry out the numerical
calculations. The integral equations were solved numerically
using the method described in a previous study.39 The
variables �0, �, z0, and z were discretized and the surface
currents were modeled as a number of line currents within
the solenoid curves. The integral equations were then
converted into a group of linear equations which were solved
by an inverse matrix operation. Using the resulting current
densities, the quantity q was calculated.

The q values of a series of solenoid coils with different
winding parameters are plotted vs length-to-diameter ratio
in Fig. 2. It can be seen that there is an optimum length-
to-diameter ratio of ¾0.7 for a round-wire coil and ¾1.0
for a rectangular-wire coil. Figure 2 also shows that the q
values have a weak dependence on the number of turns. The
results in Fig. 2(a) match well with two previous studies on
Q optimization of solenoid coils,40,41 supporting the results
of this simple model. It should be noted that the optimum
length-to-diameter ratio for rectangular-wire coils is larger
than that for round-wire coils.

Figure 3 shows the current distribution in two coils of
round wire with significantly different length-to-diameter
ratios. The results for the coil with a very small length-to-
diameter ratio, 0.2 : 1, are consistent with previous analyses.34

Most of the current flows on both the inner and outer sides
of the wire because of the proximity effects between adjacent
turns. However, the plot of the current distribution for the
coil with a length-to-diameter ratio of 2 : 1 shows a different

Figure 2. Plots of calculated q values vs length-to-diameter
ratio and number of turns for small solenoid coils built from
(a) round wires, and (b) rectangular wires. The coil diameter
was nine times larger than the wire diameter for the round wire,
and seven times larger than the longest dimension for the
rectangular wire.
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pattern – the current is concentrated on the inner side of the
coil and the current uniformity within the wire is lower.
Qualitatively, we can say that the current is attracted by the
oppositely directed current on the other side of the coil. The
attractive effect increases with the length-to-diameter ratio.
As shown in Fig. 4, the attractive effect is even stronger in
rectangular-wire coils than in round-wire coils.

Figure 5 shows the current distribution patterns in spaced
and close-turn rectangular-wire solenoids. For the spaced
turns, the current density difference between the center and
edges of the conductor surface is as large as 50%. These
edge effects can be suppressed by winding a solenoid coil
with close turns, i.e. with near zero inter-turn distance. A
current distribution plot in such a coil with the same length-
to-diameter ratio is also shown in Fig. 5. The flat curve
implies a relatively uniform current distribution across the
wire. These results agree well with a previous study on
current distribution in saddle coils built from rectangular
wire.34 This also suggests that a zero inter-turn distance in
rectangular-wire coil should be used for the optimum S/N
performance. With such a configuration, the solenoid coils
built from rectangular wire have a more uniform current
distribution than those constructed using round wires if the
length-to-diameter ratio is large. For this reason, one expects
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Figure 3. (a) Current distribution on conductors of a round-wire
solenoid coil with winding parameters: coil length 2 mm, coil
diameter 10 mm, wire diameter 0.24 mm, 6 turns. Currents are
concentrated toward both the inner and outer sides of the coil.
(b) Current distribution on conductors of a round-wire solenoid
coil with winding parameters: coil length 2 mm, coil diameter
1 mm, wire diameter 0.24 mm, 6 turns. Currents are
concentrated toward only the inner side of the coil.
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Figure 4. Spatial differences due to conductor geometry
difference between (a) round wire and (b) rectangular wire in a
solenoid coil.

a smaller power loss and hence a higher S/N in rectangular
coils than in round-wire coils for a large value of this ratio.

Numerical 3D finite-element simulations
In order to assess the results from the simple analytical
model presented above, we also used a commercial full
wave 3D electromagnetic analysis tool (HFSS, Ansoft Corp.,
Pittsburgh, PA), based on the finite-element method. For
purposes of the simulation, the coils were driven in a
balanced mode by a current source in order to produce
a current of amplitude 1 amp in the coil at the operating
frequency of 750 MHz. A cylindrical shield of 5 mm in
diameter and 4 mm in height defined the boundary of the
simulation. The current density on the inner surface of the
rectangular coils was found to be almost five-times higher
than on the outer surface, this justifies the assumption used
in the analytical model that all current in the close-wound
rectangular coil flows on the inner surface of the wire. For the
1 amp drive current, B1 and Ploss were evaluated separately.
The power dissipation was calculated by evaluating the
Poynting vector (the normal component of the E ð HŁ, where
the quantities E and H are the electric and magnetic field
intensities) over the entire surface of the wire. Sample loss
was neglected. Simulations were performed for four coils, the
physical design parameters of which are shown in Table 1.
The relative S/N ratios of coils constructed using round wires
and rectangular wires are shown in Table 2. In each case, the
B1 fields produced by coils 1 and 2, and coils 3 and 4 were
very similar, with the S/N differences arising primarily as a
result in the differences in power dissipation, as expected.

Experimental signal-to-noise measurements
Solenoid coils with diameters of 1.0 mm and 2.5 mm were
fabricated using copper wires of different geometries and
dimensions as shown in Table 1. The wires were wound
on a small capillary, which was used to hold the samples.
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Figure 5. (a) Current distribution pattern of a spaced-turn
solenoid coil of rectangular wires with winding parameters:
2a D 1 mm, b D 0.23 mm, p D 0.36 mm, n D 6. Severe current
crowding occurs at the two edges of the wire. (b) Current
distribution pattern of a close-turn solenoid coil of rectangular
wires with winding parameters: 2a D 1 mm, b D 0.23 mm,
p D 0.23 mm, n D 6. Currents are relatively uniform across the
wire.
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Table 1. Winding parameters of the four solenoid coils used
for S/N comparisons

Solenoid
coil
ID#

Coil
diameter

(mm)
Turn

number

Coil
length
(mm)

Wire
geometry

Wire
dimension

(mm)

1 2.5 4 1.7 Round 0.287
2 2.5 4 1.7 Rectangular 0.05 ð 0.38
3 1.0 8 2.0 Round 0.15
4 1.0 8 2.0 Rectangular 0.05 ð 0.23

Table 2. Relative S/N comparison of the four solenoid coils
using the full three-dimensional finite-element simulation and
data from experiment

Finite-element Experiments

Coil #2/Coil #1 0.9 0.79
Coil #4/Coil #3 1.47 1.39

Table 3 shows values of coil inductance and loaded (QL) and
unloaded �QU� Q values. Standard 1D 1H NMR experiments
were performed to measure the experimental S/N using
different coils on a Bruker Avance 750 MHz spectrometer.
Susceptibility-matching fluid (FC-43, 3M Corp., St Paul, MN)
was used to improve the B0 homogeneity, as described
previously.14 The sample used for S/N measurements of

Table 3. Measurement of reference parameters of the four
solenoid coils in bench and experiment test

Solenoid
coil ID #

Inductance
(nH)

Qu/QL

values

90° pulse
length

(µs@0.4 W)

Half-height
linewidth
of water

peak (Hz)

1 47 113/78 8.9 9.0
2 49 105/75 9.5 8.0
3 65 103/81 3.6 6.0
4 59 93/78 3.8 5.2

the coil was 100 mM sucrose in 100% D2O, and shimming
was performed on the residual HOD peak. The 90° pulse
calibration results in Table 3 show that the B1 fields produced
by coils built from round wire (coil 1 and 3) are slightly
stronger than those from rectangular wires (coil 2 and 4).
This is a reasonable result because the current path of a
spaced solenoid coil built from round wires is closer to the
center point of the coil in the long-axis direction than that of
a nonspaced solenoid coil built from rectangular wires. The
lower B1 field in coil 4 than that in coil 3 further proves that
the higher S/N in coils built from rectangular wires primarily
arises from lower power dissipation, as expected. Figure 6
shows NMR spectra of 100 mM sucrose acquired using the
different coils. The linewidths are reported in Table 3. It
should be noted that these linewidths are considerably

Figure 6. Sucrose spectra acquired using (a) coil #1, (b) coil #2, (c) coil #3, and (d) coil #4 in Table 1. The S/N was measured on the
anomeric peak of sucrose at ¾5.4 ppm. Data acquisition parameters: acquisition time 1.4 s, spectral width 3754 Hz, number of
complex data points 5254, number of scans 8, line-broadening of 0.7 Hz was applied.
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broader than are typical values (<1 Hz) obtained using small
solenoidal coils. This is attributed mainly to the system
having been designed primarily for microimaging, and
therefore being equipped only with very weak, lower order,
large diameter shims. The S/N was measured on the doublet
of the anomeric sucrose peak at 5.3 ppm. The difference in
linewidths was accounted for by integrating over the doublet.
The measurements show that the S/N for the 2.5 mm round-
wire coil is higher than that for the rectangular-wire coil of
the same diameter, but that the situation is reversed for the
1-mm diameter coils. The relative S/N ratios are also shown
in Table 2 and agree well with the simulation results.

Acquisition of heteronuclear protein NMR spectra
using a 1-mm diameter rectangular-wire coil
The rectangular-wire 2 mm-long 1.0 mm-diameter coil was
used to acquire data from a stable protein, PF1061, an 8.7 kDa
protein42 from P. furiosus. The plasmid was provided by the
Southeast collaboratory for structural genomics (SECSG),
and the protein was expressed in M9 minimal media supple-
mented with 15N-ammonium chloride and 13C-glucose and
purified according to protocols developed in the SECSG.42

The protein concentration was 4 mM in 90% H2O/10%
D2O containing 100 mM potassium phosphate (pH 5.5) and
100 mM KCl. DSS (2,2-dimethyl-2-silapentane-5-sufonic acid)

Figure 7. NMR data on 4 mM PF1061 protein in a 1.2 µl active volume of a 1-mm rectangular-wire coil. (a) 1D NMR spectrum
collected with eight scans and WATERGATE water suppression. The 2D 15N-HSQC spectrum (b) is compared to the projection of
the 13C’ dimension of a 3D HNCO spectrum (c). Slices of the HNCO spectrum at 176.3 ppm (d) and 175.8 ppm (e) are shown below.
Two-dimensional 15N-HSQC data were collected in about 45 min using eight scans and 4096 and 256 complex points in t2 and t1,
respectively. Three-dimensional HNCO data were collected in about 20 h using eight scans and 2048, 120, and 64 complex points
for 1H, 13C, and 15N, respectively. For all datasets, the 1H carrier frequency was placed on water, and spectral widths for the HNCO
experiment were 13 ppm for 1H, 33.7 ppm for 15N, and 20.4 ppm for 13C. Data were processed using NMRPipe44 and visualized
using NMRView.45
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was added as an internal 1H and indirect 15N and 13C
reference. The probe body built for this study was used
in a 17.6 T/89 mm wide-bore magnet, and three-axis gra-
dients were placed on the outside of the probe. The active
sample volume was 1.2 µl, and contained only about 4.7 nmol
(¾41 µg) of protein in the active volume of the probe. This is
approximately 3-times less sample than previously reported
using a commercial microcoil probe for protein triple res-
onance studies.16 The 90° pulse lengths were: 1H 4.5 µs @
0.4 W, 15N 9.0 µs @ 75 W and 13C 4.7 µs @ 18 W. Figure 7
shows, first, a 1D 1H spectrum collected with eight scans
using WATERGATE.43 In order to test the performance of
the coil in standard protein NMR experiments, we also col-
lected 2D 15N-HSQC and 3D HNCO triple resonance datasets
(Fig. 7). All the multidimensional protein datasets have good
S/N, showing that useful data can be obtained on very small
amounts of sample using small, optimized r.f. coils.

DISCUSSION

This paper has presented results, from both a simple
analytical model and full three-dimensional finite-element
simulations, of the current distribution in solenoid coils
with different length-to-diameter ratios and conductor
geometries. General findings can be summarized as follows:
(i) relatively high currents are concentrated toward the inner
side of a solenoid coil with a large length-to-diameter ratio
and this effect is more pronounced in coils made from
rectangular wire than those from round wire; (ii) the current
uniformity in the turns of a solenoidal coil constructed from
rectangular wire suggests that a zero inter-turn space is
optimum for small coils of this geometry, although further
experimental verification needs to be performed; (iii) if the
length-to-diameter ratio of the coils is large, the coil loss
in a close-turn solenoid coil constructed of rectangular
wire is lower than that in a spaced-turn coil of round
wire. We attribute this to the exceptionally uniform current
distribution in a close-turn solenoid coil wound using
rectangular wire, as compared to the nonuniform current
distribution in the round-wire coil.

Finally, it was demonstrated that a 1-mm diameter
solenoid coil was capable of acquiring high quality multiple-
resonance data on as little as ¾40 µg (4.7 nmol) protein
samples. This technology, therefore, has great potential
promise in sample savings in applications such as protein-
based molecular library screening.
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APPENDIX

This Appendix contains derivations of the constants Kround

and Krectangular. As in the analytical model, these derivations
make the simplifying assumption of a uniform effective skin
depth within the conductor along its length.

Derivation of Kround

Equation (10) states that, for a solenoid of round wire,
neglecting the end effects:

Ploss D Kround

∫ 2�

0
j2���d� �13�

The constant Kround comprises all of the effects that are not
part of the angular current distribution. One can determine
the value of Ploss for a coil for which the current does not
depend on � and solve for Kround. For such a coil, if I is the
total current, then,

∫ 2�

0
j���d� D I �14�

The value of j(�) is constrained to be a constant jfs (free
space), in which case jfs D I/2�. For this simple case, one
can write the power loss in terms of the skin depth surface
resistance RSR as

Ploss D I2RSR �15�

The surface resistance is just a simple function of skin depth υ,
the wire radius r, the wire length L, and the bulk resistivity �:

RSR D �L
2�rυ

�16�

Now, setting Eqns (13) and (16) equal to one another, and
solving for Kround:

Kround D �L
rυ

�17�

Since � has units of 	-m, Kround has units of 	.

Derivation of Krectangular

Starting from Eqn (11) for wire of width b:

Ploss D Krect

∫ b/2

�b/2
j2�z�dz �18�

and applying the normalization condition
∫ b/2

�b/2
j�z�dz D I �19�

A uniform surface current distribution is assumed across
the inner side of the wire: j�z� D jc, and then the condition
jc D I/b can be derived. The surface resistance of the wire is
given by

RSR D �L
bυ

�20�

Setting Eqns (18) and (20) equal to one another and solving
for Krect:

Krect D �L
υ

�21�

Since � has units of 	-m, Krect also has units of 	-m.
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